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A Constraints in the bilinear programming problem

This section provides some examples of how to impose linear constraints in the bilinear
program. This section also provides a numerical example motivating the monotonicity re-

striction (13) on the distributions of risk.

A.1 Imposing linear constraints
Consider the vector of variables x = (z1,...,2x)". The monotonicity constraint

T <wp < - < og (A.1)

may be written as

1 -1 0 ... 0 0 0

0 1 -1 0 0
: X<

0 0 0 1 -1 0

To reverse the direction of monotonicity, simply reverse the inequalities. Linear constraints

of the form

K

Zakxk S b

k=1
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may be written as

~

a'x <b, (A.2)

where a = (ag, ...,ax)".

To ensure that the search probabilities o, = (0(go;7),...,0(gk; 7)) that are being opti-
mized over are consistent with being a cumulative distribution function of 7; | R; = r for
r € {w,m}, o, must be non-decreasing in index k, and each element must be in the unit
interval. The non-decreasing property of @, takes the form of (A.1), and the bounds on each
element of o, take the form of (A.2) (i.e., choose a to be a standard basis vector).

To ensure that each distribution of risk p, . is consistent with being a PMF, the elements
of p,. must be in the unit interval and sum to 1. Both of these constraints take the form
of (A.2). The researcher may also choose to impose monotonicity constraints on p,.,. These
will take the form of (A.1).

If the researcher has a prior on how the average risk ranks across R; and Z;, the re-
searcher can impose the ranking using linear constraints. To see how, write the average risk

conditional on race and setting as

K
E[Guilty;, | Ri =7,Zi = 2] = Y _ giPr-i
k=1
/
= 8 Pr,z»
where g = (go, ..., gx)’ is the vector of discretized risks. Then the ranking
E{GUthyZ ’ Rz =T, Zz = Zl] S E[GUthyz ‘ Rz =T, Zz = z2]

takes the form

K K
§ gkprl,zl,k S E gkprz,zg,k
k=1 k=1
K

K
<~ ngpn,zl,k - ngprg,ZQ,k S 0
k=1 k=1

<~ g/(pTl,zl - prg,zg) S 0.

This restriction has the same form as (A.2), with a = g and X = Py, 2, — Pro.2-



A.2 Imposing integrality constraints

The BP framework nests earlier models in the literature where Search; = 1{G; > t(R;)} for
some deterministic function ¢. These models effectively impose an integrality constraint on

o, so that
o(gr;r) € {0,1} for k=1,... K. (A.3)

Under such a restriction, the BP program becomes a mixed integer program, which can also

be solved to provable global optimality.

A.3 Motivating restrictions on the distribution of risk

In this section, I provide a simple numerical example for how the probability density function
of risk for drivers stopped may be decreasing as risk increases, even though the officer may
be more likely to stop drivers with higher risk.

Let Stop, € {0,1} denote the stop decision of an officer for driver i, and

m.(g) =P{Stop, =1 | R, =r,Z; = 2,G; = g}

denote the probability that a driver is stopped conditional on her race R;, the setting Z;,
and her risk G;. Suppose for some (r,2) € {w,m} x Z, that 7, .(g) is as shown in the top
panel of Figure A.1. The officer has a 1% probability of stopping a driver with zero risk,
and this probability monotonicically increase to 50% as risk increases to unity.

Let f§|°1§,z(- | 7, z) denote the density of risk among the population of drivers, i.e., the
distribution of risk unconditional on being stopped. Suppose that the population risk follows
a beta distribution with shape parameters 1 and 9, as depicted in the middle panel of
Figure A.1. This implies 10% of all drivers carry contraband.

Then by Bayes’ rule, the distribution of risk conditional on being stopped is

P
ﬂ-r,z(g) fGGg;Z(g | r, Z)
1 o
f() 7TT,Z<9/) fgug’z(gl | T, Z) dg’

fG\R,Z(g \ T, Z) = )
and is shown in the bottom panel of Figure A.1. Despite the officer being much more likely
to stop high-risk drivers, the proportion of low-risk drivers in population is sufficiently large

such that the density of risk conditional on being stopped is strictly decreasing.



Figure A.1: Monotone-decreasing density for risk of drivers stopped
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B Modeling continuous risk using B-splines

In this section, I show how to adapt the methodology to allow for continuous distributions
of risk.

Recall that the search and (unconditional) hit rates may be written as
1
P{Search; =1 | R, =r,Z; =z} = / o(g;r) dFgirz(g | 1, 2), (B.4)
0
1
P{Hiti = 1| Ry =1, Z; — 2} — / g o(g:v) dFams(g | 7 2). (B.5)
0

Suppose there exists a density function fogz(- | r, 2) for (r,2) € {w,m} x Z. Suppose also
that o(g;r) and fg gz can be modeled using B-splines. Then (B.4)—(B.5) can be written as

bilinear terms

P{Search; =1| Ri =r,Z; = 2} = 0.QsPr., (B.6)
]P{Hltz =1 | Rz =, Zz = Z} = JLQHpr,zy (B?)

where {o,}, {p,.} are sets of parameters characterizing the officer’s threshold distributions
and the distributions of risk, respectively; and Qg and Qg are known matrices. Equations
(B.6)—(B.7) follow from the fact that products of B-splines are also B-splines. Mgrken (1991)
provides the formula for calculating the coefficients for the products of two B-splines. To
state this formula, it is necessary to first define several terms.

Following the notation in Mgrken (1991), let k be a positive integer denoting the order
of a spline, and 7 = (71, Ty, ...) be a non-decreasing sequence of real numbers denoting the

knots of the spline. Then the B-spline B, j , is defined using the recurrence relation

Bikr(z) = wigr(2)Big-1+(x) + (1 — wiy1 4+ (x))Biv1k-1(x),

where
(xz—Ti) :
. L it < Tkt
wipr(@) = { T TS (B.3)
0 otherwise,
and
1 if T <o < Tix
Biir(z) =

0 otherwise.



Let Sy denote the linear space spanned by the splines {B; ;. +}.
Let 7/ be a subsequence of 7. Then Sy, C Sjr, and the B-splines {B,;} are linear

combinations of the B-splines {B,; ;. -} and can be written as
Bj,k,r’ = Z Oéj,k,T’,T(i)Bi,k,T'
i

The coefficients {a; 4, +} are discrete B-spline of order & on 7 with knots 7" and satisfy the

recurrence relatiOn
(1) = Wik (Tigh—1)jk—1(7) + (1 — wjp1 e (Tigr—1))jy1e—1(7),

where w; ;. is defined as in (B.8), and o1, ,(¢1) = Bj1+ (7).

Suppose we have two splines, f; € Sy, -, and fo € Sk, r,. Let Si» denote the spline space
containing the product of f; and f;. The order of this spline space is k = k; + ky — 1. The
knots of this spline space 7 contains all the distinct knots in 71 and 75, with the multiplicity
of the knots being determined as follows. For each knot 7 in 7, let m; denote the multiplicity

of 7 in 71 and msy denote the multiplicity of 7 in 79. Then the multiplicity of 7 in T is

¢

max(k; — 1 +ma, ke —1+mq) if my >0 and my > 0,
ki—14+m if m; =0 and my > 0,
m={" ? ' ? (B.9)
ko — 14+ my ifm1>0andm2:0,
\O if m; =0 and m9e = 0.

Finally, let P = {p1,...pk, 1} be a set of k; — 1 integers from I}, 1 = {1,...,k—1}. Let
Q=1;-1\P=(q1,...,qk—1) be the set of the remaining ks — 1 integers. For a given integer

i, define the knot vectors 77 and 7% by

P _
T = ( <5 Tie15 Ty Tidpry Titpas - -+ 7Ti+pk1717 Titk, Ti+k+1s - - - )7 (Blo)

Q _
T —(~-;Ti—laTz‘,Ti+q1;Tz‘+qg>--~,Tz‘+qk2,1;Ti+kaTz‘+k+1;---)- (B'll)

Let II denote the set of all subsets of I;_; consisting of k; — 1 elements.

Theorem 1. (Theorem 3.1 of Morken (1991)) Let fi = 32 c1jBjipm and fo =
i C2,o Bio koo be two given spline functions. Set k = ki + ky — 1 and construct the knot
vector T according to (B.9). Then fifs € Skr so that there exists coefficients dy,ds, . ..
such that fi(x)fa(z) = >, diBix.(x). Specifically, for a given i, the knot vectors ¥ and 7¢



defined by (B.10)~(B.11) satisfy 71 C 7F and 7o C 79, and d; is given by

: . E—1
di = Z Z chdlajl,khﬁ,‘rp (Z)C2,j2aj2,k2,‘l‘2,7'@ (Z)/<k‘1 . 1)

Pell j1 j2

It follows from Theorem 1 that the integral of f;fo can be written as a bilinear term,

/fl(x)fé(x) dr =" " 15,0205, 5o,

Jj1 o Jj2

where

Vjy jo = Z Z Oy ey 7P (i)aj%k%mﬂ.@ (i)/B@k’T(x) dl’/ (: __11)
i Pell !
can be calculated. Equation (B.6) follows from letting f; be the threshold distribution o (-;7),
and letting f> be the density of risk fgrz(- | 7,2). Equation (B.7) follows from the same
reasoning, except f; is the threshold distribution scaled by risk, go(g;r).!

Shape restrictions on ¢ and fgrz(- | r,2) may be imposed through an auditing pro-
cedure (Shea and Torgovitsky, 2023). This procedure consists of first imposing the shape
constraints on a coarse constraint grid over the domains of o(-;7) and fgrz(- | 7,2). The
BP problems is then solved. Whether the solutions for o(-;r) and fgrz(- | r, 2) satisy the
shape constaints is then checked on a much finer audit grid. Points in the audit grid where
the shape constraints are violated are added to the constraint grid, and the BP problem is
solved again. This procees is repeated until the shape constraints are satisfied on all points
of the audit grid. This procedure avoids the computational and mathematical difficulties
of determining whether the B-splines satisfy properties such as monotonicity, boundedness,
and convexity (De Boor, 2001).

f o(g;r) is a B-spline, then go(g;r) will also be a B-spline.



C Estimates for biased officers

C.1 Estimates when averaging search and hit rates over X; | R, = w

Figure C.2: Officer 8

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were
treated as minority drivers, holding their risk constant, they would be searched between 7.50 and
7.53 percentage points more on average. If minority drivers were treated as white drivers, holding
their risk constant, they would be searched between 7.36 and 7.46 percentage points less on average.



Figure C.3: Officer 23

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were treated
as minority drivers, holding their risk constant, they would be searched between 8.85 and 58.54
percentage points more on average. If minority drivers were treated as white drivers, holding their
risk constant, they would be searched between 9.87 and 14.39 percentage points less on average.

Figure C.4: Officer 35

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were
treated as minority drivers, holding their risk constant, they would be searched between 1.11 and
1.14 percentage points more on average. If minority drivers were treated as white drivers, holding
their risk constant, they would be searched between 1.07 and 1.13 percentage points less on average.



Figure C.5: Officer 41

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were treated
as minority drivers, holding their risk constant, they would be searched between 3.34 percentage
points less and 34.49 percentage points more on average. If minority drivers were treated as white
drivers, holding their risk constant, they would be searched between 11.82 percentage points less
and 8.28 percentage points more on average.
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C.2 Estimates when averaging search and hit rates over X; | R; =

m
Figure C.6: Officer 8
(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were
treated as minority drivers, holding their risk constant, they would be searched between 8.37 amd
8.42 percentage points more on average. If minority drivers were treated as white drivers, holding
their risk constant, they would be searched between 8.21 and 8.35 percentage points less on average.

Figure C.7: Officer 20

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were treated
as minority drivers, holding their risk constant, they would be searched between 9.22 and 12.91
percentage points less on average. If minority drivers were treated as white drivers, holding their
risk constant, they would be searched between 17.26 and 74.75 percentage points more on average.
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Figure C.8: Officer 35

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were
treated as minority drivers, holding their risk constant, they would be searched between 1.33 and
1.34 percentage points more on average. If minority drivers were treated as white drivers, holding
their risk constant, they would be searched between 1.31 and 1.34 percentage points less on average.

Figure C.9: Officer 43

(a) Data (b) Estimated bounds on bias
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Note: The size of the dots in the left panel represents the number of stops at each setting. The
dashed lines in the right panel indicate the bounds on the average bias. If white drivers were
treated as minority drivers, holding their risk constant, they would be searched between 1.90 and
1.91 percentage points more on average If minority drivers were treated as white drivers, holding
their risk constant, they would be searched between 1.90 and 1.99 percentage points less on average.
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